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Author's Preface. 5 

The conjugate focus is, of course, mentioned often in 
our treatises and text-books dealing with the optics of 
ophthalmology, but it is always in a subsidiary way and 
incidentally, and not as the bed rock upon which the whole 
fabric of refraction as it pertains to the formation of images 
rests. It has been borne in upon me, from a long experience 
in the teaching of medical students, that if we are able to 
seize and impress upon them some central fundamental law 
back to which all the phenomena involved can and must be 
referred for substantiation, we will have rendered their 
understanding much more logical and therefore easier. Such 
a fundamental law in refraction I consider the conjugate 
focus to be. 

Applied in this way we have found these laws to be of 
the greatest assistance in solving all the problems involved 
in the determination of the optical properties of the eye ; 
but we believe they have a special value in unraveling the 
intricacies inherent in the complex optical sj'^stem that lies 
at the basis of that method of examination known as 
skiascopy. Much of the confusion that prevails regarding 
the optical theory of that method is due to the neglect of a 
proper application of these laws to the requirements of 
this special case. 

An application of these primary principles to all of the 
details of individual conditions cannot, of course, be attempted 
in an elemetary treatise such as this claims to be. 

For valued assistance in the construction of the diagrams, 
all of which are original, which illustrate the text of this work, 
I wish to acknowledge my indebtedness to the well-known 
scientific and technical skill of Mr. C. F. Prentice, M. E. , 
of New York. 

Washington, D. C, October i, 1904. 
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CHAPTER I. 



The Essential Functions of Optical Systems. 

a. The prime function of all optical apparatus is to 
change the course of rays of light from their original to 
some other definite direction. 

b. In ophthalmic optics we have principally to deal with 
those apparatus which act upon rays of light in such a manner 
that those emanating from each single point of an illuminated 
object shall be directed, after being acted upon, towards another 
corresponding point, or assume a direction as if they had come 
from such a corresponding point. This corresponding point 
is called the image of the point in the object 

The inherent properties of these optical apparatus are 
such that rays of light follow the same path going and 
coming, so that if the object should occupy the position of 
the image, the image would occupy the position of the object. 

c. The points to be considered in any study of the 
activities of such apparatus are : the essential properties 
ok the apparatus itself, including the curvatiu-e of the surfaces 
and, in the case of refracting apparatus, the index of refraction 
of the medium, and the positions of the object and image in 
relation to the apparatus — ^which positions are called the foci 
of the apparatus. 

d. When any one of the essential properties of the appa- 
ratus undergoes a modification, the relation of one or both 
foci to the apparatus is changed. So long, however, as the 
essential properties of the apparatus remain fixed, any change 
in the position of one focus is accompanied by a corresponding 
change in the f)osition of the other focus, and in accordance 
with certain definite laws. On account of this intimate, 

u 
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12 The Principles of Refraction, 

inseparable connection, they are called conjugate foci (from 
conjugarCy to join together). 

e, Rays of light emanating from Ivmiinous objects are 
divergent, and never become mathematically parallel. The 
apparent divergence in small bundles of ray^, such as are 
utilized in ordinary optical systems, however, becomes less 
and less as the distance from the luminous body increases, 
until a point is reached where the rays may, for all practical 
purposes, be considered as parallel, and they so continue 
indefinitely. 

The point at which parallelism of the rays, or an infinite 
distance, as it is called, begins, varies with the power of the 
optical apparatus. It has been found that when one conju- 
gate focal distance has become 200 times greater than the 
other, a state of parallelism of rays for that particular 
apparatus sets in, and a farther removal of this conjugate 
focus has no perceptible effect on the position of the other. 
Thus, when a removal of one conjugate focus (the object) 
beyond a distance of 200 feet from the apparatus ceases to 
influence the position of the other conjugate focus (the image), 
we know that 200 feet is the point at which parallelism for 
the rays, or infinity, begins for that special apparatus, and 
that the other conjugate focus is at one foot 

This conjugate focus for infinity, or parallel ra3rs, has 
been denominated the principal focus, to distinguish it from 
the conjugate foci for divergent and convergent rays. 

For the refracting apparatus of the standard or schematic 
human eye, the principal focus for parallel rays, in accordance 
with this law, is accepted to be 20.7 mm., or about one inch, 
with infinity at 200 inches, 16.66 feet or 5 meters. 
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CHAPTER II. 



The La^ws of Coniugate Fod in Refracting Systems. 

The laws of conjugate foci, in all refracting systems, so 
far as they pertain to the relative positions of the image and 
the object, are : 

1. The rays of light follow the same path going and 
coming, thus making it possible for the object and image to 
replace each other. 

2. The two foci, representing the object and the image, 
always move in the same direction. If one moves to the right 
the other moves to the right also, and vice versa,^ 

3. When the object (or image) is situated outside of the 
principal focus (for parallel rays), the image (or object) is 
found on the opposite side of the refracting system, and is 
positive, real and inverted. 

4. When the object (or image) is situated within the 
principal focus (for parallel rays), the image (or object) is 
found on the same side of the refracting system and is virtual 
and erect ; that is, the rays proceed as if coming from a real 
object situated at that point. 

The operation of these laws for a single refracting surface 
is shown diagrammatically in Figs, i and 2, where we will 
follow the movements of the object emitting the rays, begin- 
ning at infinity on the left and going to infinity on the right. 

The object in Fig. i being at infinity on the left and 
sending out parallel rays a a, has its conjugate focus at the 
posterior principal focus aj , on the opposite side of the refract- 
ing system O. Infinity and the principal focus are therefore 
conjugate foci, and both are positive and real. 

*In r^/leeHng «y«<eint-*coQVex and ooncaTe minrors—tbe two fool move in oppoHte 
directions. 



18 



Digitized by 



Google 



H 



The Principles of Refrtution. 



When the object is advanced to the right and is found at 
a finite distance b^ the conjugate focus, as represented by the 
image, recedes in the same direction to 3^, and being still on 
the opposite side of the rehacting system is positive, real and 
inverted. 

When the object is still farther advanced till it reaches 




FIs. 1 



Cy the conjugate focus recedes to infinity on the right, as 
represented by the parallel rays c^ Cy^^ c becoming the anterior 
principal focus. The image is now infinitely large, but being 
on the opposite of the refracting surface (3, is still inverted, 
positive an4 real. 

When the object is advanced to d^ falling inside the 
anterior principal focus c (for parallel rays), the conjugate 
focus with its image passes beyond infinity, the rays becoming 
divergent, d^d^.zs if they came from a real object d^, situated 
on the same side of the refracting medium as the object d. 
The conjugate focus d<^ is, therefore, negative and the image 
is erect and virtual. 

As the object d is still farther advanced to the right 
towards the refracting surkce (3, the conjugate focus and 
image d^ also moves in the same direction, but at a more 
rapid rate, until the image finally overtakes the object, and 
both are merged into one at i on the surbce, which is the 
principal plane of the S)rstem. The object still proceeding in 
the same direction, passes to the right of the refracting sur- 
face O and finds itself, say, at d (Fig, 2) and within the 
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Tlie Laws of Conjugate Foci in Refracting Systems, 15 

principal posterior focus r, for parallel rajrs c^ r^, coming 
from the left The conjugate focus will then also have 
moved to the right, according to rule 4, and be found on the 
same side of the refracting surface O at d^ ; the conjugate 
focus is, therefore, negative and the image is erect and virtual, 
the rays ^2 ^2 proceeding with a divergence as if they came 
from a real object situated at d^. 

The object still receding to the right from the refracting 
system, its conjugate focus and image likewise recede in the 
same direction, but at a more rapid pace, until the object 
arrives at r, the posterior principal focus (for parallel rays 
Ci Ci), when the conjugate focus will again find itself at 
infinity on the left, following the parallel rays Ci c^ and 
become real, positive and inverted. 

Proceeding with the object then to b, the conjugate focus 
advances from infinity on the left to the finite distance^!, 
the image being real and inverted. A farther advancement 
of the object along the axis to the right is accompanied with a 
corresponding advance of the conjugate focus and image 




lig. % 



until the object reaches infinity (parallel rays a «), when the 
image is found at a^, the anterior principal focus of the system. 
Comparing these two diagrams, it will be seen that one 
is just the reverse of the other, and that the object could, 
with the same results, have been started from tiie right and 
moved towards the left ; demonstrating rule i of the laws of 
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1 6 The Principles of Refraction, 

conjugate foci, that the image and the object can replace 
each other. 

In studying the phenomena of the dioptric apparatus of 
the eye, we shall find that the laws of conjugate foci admirably 
lend themselves to a satisibctory elucidation of all the problems 
which it is necessary for us to solve in practice. 
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CHAPTER III. 

Application of the Laws of Conjugate Fod to the 
Human Eye. 

In making an application of these laws to the human eye 
we shall, for the sake of uniformity and simplicity, consider 
that one conjugate focus is pet manently fixed on the retina; 
for it is there ^ for the purposes of best vision^ that a distinct 
image must always be formed. The other conjugate focus, 
which is the varying one, will then be found at the point 
where the object is situated, which emits the rays going to 
form the distinct retinal image. This position of the object 
has been called the ** far point" of the eye. 

The far point and the retina are^ therefore y always at 
conjugate foci. 

Whenever the retina changes its relations to the principal 
focus of the refractive system, either by an increase or decrease 
in .the refractive power of the eye itself or an alteration in the 
distance between the retina and the refractive system ; in 
other words, whenever the conjugate focus, represented by 
the retina, alters its position relative to the posterior principal 
focus for parallel rays, so also must the other conjugate focus 
change its position relative to the refractive system, and alwajrs 
in keeping with the laws of conjugate foci, as above explained. 

It has been agreed by convention, to adopt one single 
position of the retina in respect to the refracting system of the 
eye as a standard with which every other position shall be com- 
pared. This accepted place is the posterior principal focus of 
its refracting system, the retina then lying at the focus for 
parallel rays coming from infinity. 

In this standard eye, the retina and infinity (^from which 
parallel rays proceed^ are at conjugate foci, and the optical 
condition is called Emmetropia {E, ). 

17 
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1 8 The Principles of Refraction. 

As compared with this, the only other possible positions 
of the retina are two : First, that in which the retina lies 
outside the principal foctis for parallel rays, which is called 
Myopia (-/K), and, second, that in which it lies in front of 
the principal foctLS, called Hypemtetropia or Hyperopia (/^). 

Every eye, in all possible optical states, static or 
dynamic, must fall in one of these three categories. 




Nb ^7^''-^^ 



Fig. 8 



It must be borne in mind, in these studies of what is 
called the static refraction, that is, a state of optical repose in 
which there is nothing added to the refraction by any effort of 
the eye itself, that the absolute refracting power of the eye: is 
not, as might readily be supposed, the matter at issue at all. 
We have solely to do with the relative positions of the 
retina and its conjugate focus. It is a fact, which has been 
demonstrated innumerable times, that the actual refracting 
power in myopic conditions, where the retina is behind the 
posterior principal focus, may be lower than in emmetropia, 
while in hypermetropia, in which the opposite condition pre- 
vails, it may be higher. 

Let us now apply the laws of conjugate foci as above 
stated to an explanation of the phenomena manifest in these 
refractive conditions of the eye. 

In Fig. 3 is shown the position of the retina in relation to 
the refracting system e in each of the categories ol H,, E, and 
M., as they are ordinarily represented, in which the retina 
c lies at the posterior principal focus for parallel rays (emme- 
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Application of Laws of Conjugate Foci to Human Eye, 19 

tropia, E,^y while b gives the position of the retina, behind 
the posterior principal focus (myopia, -A^), and d its position 
in front of it (hypermetropia, /^). 

As, however, according to our manner of considering the 
subject, the retina is regarded as occupying a fixed position^ 
we can very properly assume that the differences in distance 
between it and the refracting system in the different categories 
is attained by a variation in the position of the refracting 
system itself ^ as shown in Fig, ja, in which H\ E and M 
represent the positions of the refracting system in relation to 
the retina^ d, in each of these categories respectively, 

Emmetropia (-£!)• This proposition is simple, since the 
standard optical eye finds one conjugate focus at the retina 
(r. Fig. 3, and d, Fig. 3a), and the other, the far point, at 
infinity with parallel rays c^ c-^. As the object and the image 
are on opposite sides of the refracting system, the image is 
real and inverted. 

Myopia (-/K). When the retina is located beyond the 
principal focus of the refracting system, r, Fig. 3, and finds 




^::^-d. 



^B "^ Flj. Sa 



itself at by or when M^ Fig. 3 a, is separated by more than 
the principal focal distance from d^ its conjugate focus, repre- 
senting the far point, will be found at ^j. These conjugate 
foci, at the retina and ^1, being on opposite sides of the 
refracting system, are positive. In accordance with law 2 of 
conjugate foci, in proportion as ^, Fig. 3, recedes to the right 
or My Fig. 3 a, advances to the left, the conjugate focus b^ 
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20 The Principles of Refraction, 

advances toward e, and if such a thing were physically pos- 
sible and the retina b^ Fig. 3, could remove to infinity on tlie 
right, or dy Fig. 3 a, be separated from M by an infinite dis- 
tance, b^ would be found at the anterior principal focus of the 
refracting system, as at r, Fig. i. 

The degree or amount of M.^ that is, the difference 
between E, and M,^ is expressed by the difference between 
the parallelism of the rays, c^ c^, Figs. 3 and 4, in jE, and 
the divergence of the rays from b^ in M This difference 
is represented by the power of the convex lens /, as shown in 
section in Fig. 4, which gives parallel rays a coming from the 
right a positive focus at a finite distance b^ on the left. 
For example, if the far point be at b^ 10 inches (25 cm.) in 
front of the refracting system, it means that a lens of 4 D. 
positive refracting power, with a focal distance of 25 cm. , is 
necessary to bring parallel rays a from infinity on the right to 
a focus at ^1, the far point of My on the left. It is commonly 
considered that the myopic eye exceeds the emmetropic eye in 
its refraction by that amount. What, however, is really 
expressed is the difference in the positions of their two con- 
jugate foci or far points. 



^ 
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When it is desired to convert M, into E, , that is, to bring 
infinity on the left in front, c^ c^^ into conjunction with the 
retina ^, it is necessary to render the parallel rays r^ c-^ 
artificially divergent, as if they came from the conjugate 
focus ^1. This is accomplished by the concave lens L 
placed in the path of these parallel rays, whose negative 



Digitized by 



Google 



Application of Laws of Conjugate Foci to Human Eye. 21 ^ * 

focus is at b^* In the example taken, with the far point 
at ID inches (25 cm.), a dispersive (concave) lens of 4 D. 
power plaeed close to the eye would give the parallel rays 
c^ Ci coming from infinity a divergence as if they came from 
its negative focus ^1, 25 cm., in front of it. The focus con- 
jugate to the retina will then have been removed from 10 inches 




Tig, 5 

in front of the eye back to infinity, the myopia expressed and 
measured by + 4 D. will have been neutralized by the — 4 D. 
lens, and emmetropia will prevail. 

Hjrpermetropia (/^). In this optical state the one con- 
jugate focus, represented by the retina, lies at dy in front 
of the posterior principal focus of the refracting system, the 
other being at infinity (Fig. 3) ; or -^ and d^ Fig. 3 a, are 
separated by less than the posterior principal focal distance. 
Both conjugate foci d and d^ consequently fall on the same 
side, to the right of the refracting system, in accordance with 
rule 4 of conjugate foci, and the image d^ is negative. 

Since, in accordance with rule i of conjugate foci, it is 
immaterial in which direction we follow the rays, we will 
assume, for a simpler demonstration, that the rays start from 
the conjugate focus on the retina at d (Figs. 3 a and 5). 

The rays, then, coming from the retina at d do not, after 
refraction by the dioptric apparatus, become convergent as in 
M, nor parallel as in ^., but are divergent, flf^ ^21 Figs. 3 a 
and 5, as if they came from the conjugate focus at di , which 
is the conjugate focus of d and the far point for that particular 
optical state. 
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22 The Principles of Refraction, 

As d recedes from the refracting system H. and moves 
towards the posterior principal focus r, as shown in Fig. 2, 
the conjugate focus dy^ also recedes in the same direction, but 
more rapidly, so that by the time d has reached the posterior 
principal focus of the system, dy^ has gone to infinity, and 
emmetropia prevails, since the retina and infinity are once 
more at conjugate foci. The hypermetropia has therefore 
disappeared. When, on the other hand, d moves away from c 
and towards the refracting system Hy dy^ also advances in the 
same direction to the left, but at a more rapid rate, and if such 
a thing were physically possible and the retina d could reach 
Hy the principal place of the refracting system, d^ would be 
found there also, and they would be superposed. 

The degree or amount of H, , that is, the difference between 
the far point of E. and the far point of H. in this case is expressed 
by the power of the concave lens /, Fig. 5, which would render 
parallel rays r^ coming from infinity on the right, divergent, ^j, 
as if they came from dy^. The far point of the s)rstem and the 
focus of the lens would then coincide at d-^ and both be nega- 
tive. If, for example, dy^ be 20 inches (50 cm.) behind the 
refracting system, the difference is expressed by a concave 
(dispersing) lens /, which, placed close to the cornea, will 
have a negative focus of 20 inches behind the refracting s)rstem. 

As commonly stated, the hjrpermetropia has 2 D. of refrac- 
tion less than E, but what is really expressed is the difference 
in the position of the conjugate foci or far points in the H, 
and E. 

When, however, it is desired to correct the H. and bring 
the far point dy^ back to infinity, it is necessary to render the 
divergent rays d^ d^ coming from the conjugate focus ^1, 
parallel. This is accomplished by a convex lens Z,, of 2D., 
which, placed close to the cornea, has its focus for parallel 
rays a a ^X. dy^. When this is done rays divergent from dy^ 
passing through this lens, will be made parallel and the conju- 



Digitized by 



Google 



Application of Laws of Conjugate Foci to Human Eye, 23 

gate focus or far point will be removed from d^y to infinity, 
a a, on the left, and emmetropia will prevail. The hyperme- 
tropia expressed and measured by — 2D. has been neutralized 
by the + 2 D. lens and is said to be corrected. 
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Fig. 5 



Explanation of Figures 4 and 5. 

These figures showing the relative dioptric values of the emme* 
tropic, myopic and hypermetropic eye have been constructed by 
C. F. Prentice, M. E., of New York, who describes them as follows : 

**The emmetropic, myopic and hypermetropic eyes are repre- 
sented as solid bodies of glass with an index of refraction, « — 1.5, 
and anterior refracting spherical surfaces of a uniform radius = i. 
Introducing these values into the formula ^ — ° "" , which expresses 
the refraction for parallel incident rays, our schematic emmetropic 
eye is found to have a depth of focus on the optical axis = 3 ( num- 
bers below the optical axis in Figs. 4 and 5). 

** Fig. 4 shows the emmetropic eye (lower portion of the diagram) 
compared with the myopic eye (the upper half of the diagram), with 
an optical axis longer by a radius of i ; that is to say, its depth of 
focus from the retina, which is common to both, is made arbitrarily 
= 4 (figures above the optical axis). The conjugate focal distance 
anterior to the cornea of the myopic eye is found by the formula 
^ — - — ^-j— » wherein ^ = 4 (within the eye), and a (in the air), 
are conjugate distances upon the optic axis. The anterior conjugate 
focus is found by this formula to be — 8, which, being counted from 
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24 Tlie Principles of Refraction, 

the cornea in the opposite direction to the incident rays, is established 
at ^j, which is thereby the far point of the myopic eye. The correct- 
ing concave meniscus L is arbitrarily placed one-half radius in front 
of the myopic cornea, so that the distance of the center of this lens is 
^}i units from its focus, which thus coincides with the far point of the 
eye at ^j. By making the radius r^ of the posterior surface of this 
lens = I unit, we obtain, through the formula for lenses whose thick- 
ness can be neglected, — f — ( ° — ^ ) (^ — /*) ; the value of the 
radius of curvature of the anterior surface, rj, = 1.36, as carried out 
in the diagram. The convex meniscus / (a section of which is shown 
at the lower part of the diagram), which expresses the diflFerence 
between the refracting power of the myopic and emmetropic eye, is 
shown to have its anterior surface coincident with the myopic cornea, 
and hence the curvature of this anterior surface = i, and its focus is 
= 8. The curvature of its posterior surface, rj, is obtained from the 
formula j; — (n — 1) G^"~f) and becomes 1.33, as in the diagram. 
**Fig. 5 gives, in a similar manner, the comparative dioptric 
values of the emmetropic and hypertropic eye. The hypermetropic 
eye (upper part of the diagram), being shorter by one unit of radius, 
its depth of focus is therefore only = 2 (figures above the optical 
axis). Applying the formula **—•;■" -^-7- — » in which ^ = 2, we 
find the conjugate focal distance, a = 4, which being counted from 
the cornea in the direction of incidence is located behind the eye 
at ^1, and is therefore the hypermetropic far point The convex 
correcting meniscus L is placed one-half unit of radius in front of the 
cornea of the hypermetropic eye, hence its focus will be ^}i units from 
^1, the far point behind the eye. Since the radius of curvature of the 
anterior surface rj = i, the radius of the posterior surface r, will be, 
according to the foregoing formula 1.8. The concave meniscus /, 
expressing the diflFerence between the emmetropic and the hyperme- 
tropic refraction, has the curvature of its posterior surface coinci- 
dent with the emmetropic cornea with its radius = i, and its 
focus at ^1 = 5 (figures below the optical axis). Introducing these 
values into the equation ^ f ""(»* — ^ ) (f* — f*)* we find r^ the 
curvature of the anterior surface^ = 1.66," 
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CHAPTER IV. 



The Conjugate Focus in Accommodation (A.) 

In the siaitc refractive conditions which we have been 
considering, that is, the refractive state uninfluenced by any 
voluntary muscular effort on the part of the eye itself, the 
differentiation of the three categories of jE , M and //. consists 
in a determination of the relative positions of the far point 
and the retina as conjugate foci, the matter of the actual 
amount of refracting power not entering into consideration. 

There is, however, another condition of what is called 
dynamic refraction^ in which the eye has actually added to it? 
refracting power by means of an increased curvature of the 
crystalline lens, brought about through a contraction of the 
ciliary muscle. This ability to increase its refractive power, 
serving, as it does, to adapt the eye to distinct vision at dis- 
tances within the far point, is called the accommodation power 
(-^.). We shall find that the laws of conjugate foci apply to 
the elucidation of the phenomena of this refractive state as per- 
tinently as we have found them to do in the conditions of 
static refraction. 

When an eye has added, by means of its accommodation, 
something to its refracting power, the position of the retina, 
representing one conjugate focus, remaining unchanged, it is 
only the position of the other conjugate focus that is altered. 

As the position of the external focus conjugate to the 
retina in a static refractive condition has been called the 
atie far point {punctum remotum), another name must be 
used to designate the conjugate focus under accommodation. 
This properly should be termed the accommodation point 
(^punctum accommodatum) ^ but the term near point (^punctum 
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26 The Principles of Refraction. 

proximum) has been so long employed that it may still be 
retained as sufficiently descriptive and accurate for most 
practical uses. 

Let us now examine into the efiect produced upon the 
position of the remote conjugate focus or far point by the 
accommodation in the three categories of static refraction. 




Fly. 6 

A. in Emmetropia. In this case the efiect of an increase 
in refraction, the retina remaining fixed, is to advance the 
far point from infinity to a finite distance, that is, to convert 
E, into M, The amount of accommodation then, that is, the 
refractive power added, as indicated by the dotted line Z, 
Fig. 6, would be expressed by the power of the additional 
lens which placed at L would bring parallel rays a a to a 
focus at the point of accommodation, P, If, for example, the 
point P is 8 inches (20 cm ) from Z, the added refraction 
would be expressed by the value of M. with its far point at 
P, that is, by -f 5 D. As this, at the same time, gives the 
difference between the far point of the emmetropic eye, R^ 
and the accommodation point P, the general formula for the 
amount of accommodation \^ A =^ P — R\ therefore, in this 
special case, -^4 = 5 — 00 =50. 

On the other hand, if we know the amount of A, and 
the position of R^ the position of P is found by the formula ; 
P = A-\-R. In this case, therefore, />=5 + oo =5D. 
= 20 cm. = 8 inches. 

The total amount of accommodation possessed by an eye 
would be expressed when P gives the nearest point of distinct 
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vision ; that is, the position of the external conjugate focus 
under the full force of the accommodation power. Owing to 
the fact, however, that the accommodation power diminishes 
with age, this nearest point recedes towards the far point as 
we grow older. When this recession has reached a point 
beyond that at which reading, writing, etc., must be done, 
presbyopia (Pr.)f (vptofn, an old man, and m|r, eye) is said to 
have set in. In emmetropia this occurs at about the forty- 
fifth year. This deficiency in the power of A. must then be 
artificially supplied by a convex lens placed in front of the eye, 
which, by adding to its refraction will bring back the receded 
nearest point within the distance at which the work is to be 
done. If, for example, P has receded to 20 inches, 50 cm. , 
leaving only 2 D. of A. , and it is necessary that the near point 
should be at 10 inches, 25 cm., representing 4 D. of ^., a 
lens of 4 — 2 = 2 D. must be added. 

A. in Hyopia. In myopia the conjugate focus or far point 
b already at a finite distance. The act of accommodation 
can then only bring the conjugate focus nearer to the eye and 
thus increase the degree of M ; the amount of advancement 




Fig, 7 



being measured by the difference in the positions of the fod 
in the two degrees of M Let Jt, Fig. 7, be the far point in 
a static condition, say, at 50 cm. (20 inches) from Z, repre- 
senting 2 D. oi M,f and P an accommodation point at 10 
inches = 4D. ol M; then, since A = P -- P, 4. — 2 = 
2 D. of A, On the other hand, the amount of A. and the 
far point P being known, the accommodation point is obtained 



Digitized by 



Google 



28 The Principles of Refraction. 

by the general formula P =^ A -\- R. A being 2 D, and R 
being 2D.,/^=2 + 2 = 4D. = 10 inches = 25 cm. 

In myopia Pr. sets in at a later period than in £1, for the 
obvious reason that with the same amount of accommodation 
power P lies much nearer the eye. If, for example, there is 
iK = 2 D. with the far point R at 20 inches, and an A. of 
3 D., the near point P would oe 2 D. -|- 3 D. = 5 D. = 8 
inches = 20 cm. This eye will not need assistance to supply 
a defect of A. for reading as the emmetropic eye with the 
same amoimt of A, would. In E, this A, would bring the 
conjugate focus or near point only to 13.3 inches, 33.3 cm.. 




Fly. 8 



which is outside the conventional limits of 10 inches. When 
iK = 4 D. with its far point at 10 inches, there will be no TV., 
even when the A, is totally abolished, as it usually is about 
the seventieth year, since the conjugate focus yet falls without 
the conventional near point of 10 inches. 

A* in Hjrpermetropia. In hypermetropia the case is 
somewhat different from that found in the other two categories 
of static refraction, owing to the fact that R has a negative 
value, falling, as it does, behind the refracting system. In 
Fig. 8, R represents the far point of an eye with /^ of 4 D., 
its conjugate locus being 10 inches (25 cm.) behind Z. If, 
by an act of accommodation, a refracting power is added, the 
conjugate focus will be moved back from R towards infinity 
to the right, let us say, to r, 20 inches behind Z. The amount 
of A, will then be measured by the difference in the posi- 
tions of the conjugate foci R and r in accordance with the 
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formula A = P — R, R in this case is represented by 4 D. , and 
r by 2 D. Since both R and r are negative, the amount of A, is 
still expressed by the usual formula and 4 — 2 = 2 D. The 
accommodation point r has a negative value, being behind the 
refracting system. If r be at 40 inches (i m.)-<4 = 4 — 1 = 

3 D. , the accommodation point yet remaining negative. 

The usual formula P =^ A'\- R also holds here for the 
determination of the position of the point of accommodation. 
In the last example, ^^ = + 3+ ( — 4) = — iD., and the 
accommodation point is one meter behind the eye, since R is 
negative and greater than A. When r reaches infinity, A = 

4 — o = 4 D. the H, is abolished and emmetropia prevails. 

If r be now advanced by a further increase in refraction 
from infinity on the right to a finite distance on the left^ say, 
Py the conjugate focus representing the accommodation point 
becomes positive and a condition of myopia prevails. If this 
finite distance is at 20 inches (50 cm.) in front of Z, the dif- 
ference between R and P (^R being negative and P positive) 
is expressed by A = P — (^— R) = R + P. If P be 

2 D., ^ = 4 + 2 = 6 D., because it has required 4 D. of 
A, to bring r to infinity and 2 D. more to bring the conjugate 
focus to P, 20 inches in front of L. /*, the position of the 
accommodation point, is obtained by the usual formula, P = 
A + R. Since R is negative, P = A + (— R) — A — 
R = 6 — 4= + 2D. =20 inches in front of the eye. 

In H. Pr. sets in earlier than in E. , owing to the fact 
that a certain amount of A. , equal to the degree of -^ , is con- 
sumed in converting the I/, into £, by bringing the conjugate 
focus from a negative position behind the eye to an infinite 
distance in front of it. Should there be, for example, /£ = 

3 D. in a person of thirty-five years, having an accommoda- 
tion power of 5.5 D., three diopters of A. would be taken up 
in overcoming the /£, leaving only 2.5 D. with which to 
bring the nearest point to 40 cm. This being still without 
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the conventional nearest point of 25 cm., a + 1.5 D. lens, 
such as is required for an emmetrope of fifty years, will be 
necessary to bring the accommodation point to the required 
10 inches. 

When such a hypermetrope shall have reached the age 
of forty-seven years, the total amount of A. will have been 
exhausted in converting the H. into E.^ and P will have 
receded to infinity, with no accommodation power available 
for work at a finite distance. He will then require a + 4 D. 
to bring his conjugate focus to the working distance of 10 
inches, such as would be required by an emmetrope of 
about seventy years. 

It is estimated that the loss of A, is about i D. for 
every five years from the thirty-fifth year, when it is 5.5 D. 
to the seventieth, when it is practically abolished. From this 
rule, however, the variations are most frequent 
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CHAPTER V. 



The Conjugi^te Focui in Ophthalmoscopy 

In ophthalmoscopy the interior of the eye is illuminated 
by the light thrown into it through the pupil by a proper 
mirror. The objects on the fundus of the eye then become 
in themselves luminous bodies giving off rays of light, some 
of which pass out through the pupil, and in so passing out are 
subjected to refraction by the dioptric apparatus of the eye. 
It is on account of this refraction that, under ordinary condi- 
tions, these rays cannot be so utilized by an observing eye 
placed in front of the eye thus illuminated as to have a clear 
image of these objects made on its retina. 

It is the aim of the science of ophthalmoscopy to arrange 
it so that these rays coming from the bottom of the eye may 
be acted upon in such manner that they will be focused upon 
the retina of the observing eye, giving a clear image of the 
details of the fundus of the observed eye. The problems to 
be solved all have their basis in the laws of conjugate foci. 
The fundus and the far point being at conjugate foci, any 
illuminated object on the fundus must have its image at that 
far point, and if the object or this image is to be seen by 
the observing eye, its dioptric apparatus must also be adapted 
to that far point 

It was through a recognition of the laws of conjugate 
foci as exemplified in the refracting power of the eye that the 
genius of Helmholtz was enabled to give us the ophthalmo- 
scope. It had, seemingly, never occurred to anyone before 
him to take account of the fact that the eye was an optical 
instrument of the ordinary kind, and that the rays of light 
coming out of it were acted upon in the same manner as when 

SI 
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32 The Principles of Refraction, 

going into it. The neglect to recognize this fundamental fact 
accounts for the failure of all previous efforts to observe the 
details of the fundus of an illuminated living eye. If the 
fundus of an eye, through an illumination, became itself the 
source of emitted rays, he reasoned that the rays should be 
refracted by the optical system of the eye in passing out 
through it, and would, in accordance with the well-known 
laws of optics, then proceed toward the conjugate focus of the 
object from which they came ; at which focus an image of that 
object would be formed. If, then, the eye of an observer 
could be so placed in the paith of those emergent rays that 
they could be focused on its retina, the object from which 
those rays proceeded would be seen in all its details. The 
theory of ophthalmoscopy, as he unfolded it for the first time, 
consists simply in bringing the illuminated fundus of the 
observed eye and the retina of the observing eye into the 
positions of conjugate foci. 

As the position of the far point or conjugate focus of the 
observed eye necessarily differs in each of the three categories 
of jE, M, and H,, the means by which this far point is to be 
brought to the retina of the observer must also be different 
for each. Let us now examine into the conditions and require- 
ments of each one of these categories separately, it being 
assumed always that the observing eye is emmetropic and in 
a state of static refraction with its idx point at infinity. 

Ophthalmoscopy by the Direct Method 

Ophtbalmoscopy in £• In emmetropia the rays emerge 
from the observed eye parsdlel, c^ c^ (Figs. 3 and 3a), com- 
ing, as they do, from the fundus of the emmetropic eye E. 
The conjugate focus is, therefore, at infinity. As the emme- 
tropic observing eye placed in the path of these rays is adapted 
for pandlel rays and also has its far point at infinity, the two 
retinae will be at conjugate foci and a clear image of the 
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fundus of the observed eye will be formed on the retina of 
the observer. It will be noticed as a necessary condition 
that the retina of each eye has its conjugate focus or far point 
at the same place, namely, infinity. An emmetropic eye, 
therefore, can see clearly the details of the fundus of another 
emmetropic eye without the intervention of any auxiliary lens 
when both eyes are in a condition of static refraction. 

Opbtbalmoscopy in H. Here, the far point being at a 
finite distance, the rays from the fundus emerge convergendy 
towards the conjugate focus at ^1 (Figs. 3 and 3a). The 
emmetropic observing eye when placed in the path of these 
rays cannot focus them on the retina, since it is adapted only 
for parallel rays. In order that it may so focus them, the 
rays must be made parallel. This can be done by the inter- 
position of a concave lens L (Fig. 4) of such strength as 
shall give the rays emerging convergendy towards b^ a 
parallel direction, c^ c^ . As b^ is the negative focus of this 
lens, this also marks the position of the far point and the 
degree of M. of the observed eye. By this it will be seen 
that the ophthalmoscope becomes also an optometer by which 
one may measure the degree or amount of M, Example : 
If the retinae of the two eyes are brought into the positions of 
conjugate foci, as indicated by the formation of a clear image 
of the fundus of the observed eye on the retina of the observ- 
ing, by a — 4 D. lens placed behind the ophthalmoscope, we 
know that this lens has rendered parallel the rays converging 
towards b^^ which is the far point of the observed eye. This 
point ^1 lies then at the negative focus of the lens, namely, 
ID inches, which represents a power of 4 D. This lens of 
— 4 D. , through which the fundus is seen clearly, is, there- 
fore, the correcting lens of the M. 

Opbfhalmoscopy in H. In this category, where the fiar 
|K)int lies behind the refracting system at d^ (Figs. 3 and 3a), 
the rays from the fundus emerge divergently, d^ d^. The 
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emmetropic observing eye placed in the path of these diver- 
gent rays can focus them on its retina only after they have 
been rendered parallel. This, however, may be accomplished 
by the interposition of a convex lens L (Fig. 5), whose focus 
for parallel rays, a a, is at ^i. The two retinae are then placed 
at the same conjugate focus (infinity) and the details of the fun- 
dus of the observed eye are distincdy pictured on the retina 
of the observing eye. Example : The details of the fundus 
are clearly seen through a + 2 D. lens placed behind the 
ophthalmoscope. This shows that the principal focus of the 
lens, which is 20 inches, falls at d^ and coincides with the far 
point of the observed eye situated at that distance behind its 
refracting system. Neglecting any difference between the eye 
and the position of the lens, the far point of the eye will fall 
at this focus and the amount of H. will be 2 D. 

The Obsenrins: Eye Is not Emmetropic. The conditions 
here are somewhat changed, but the law still holds, and it is 
yet possible under certain specific contingencies for an ame- 
tropic eye, that is, one not adapted for parallel rays, to see 
the fundus of another ametropic eye distincdy while both are 
still in their static refractive state. This can only occur, 
however, when the far points of the two eyes happen to fall 
at the same conjugate focus. Example : Suppose that the far 
point of the myopic eye, *i, Fig. 3, is 60 cm. in front of e. 
If, now, a hypermetropic eye with its far point at 50 cm. 
behind its refracting system, rfj. Fig. 3 a, were placed 10 cm. 
in front of this eye, the far point of both would fall at the 
same place, that is, 60 cm. in front of e, the two retinae would 
then be at conjugate fod and the image of the one would be 
clearly pictured on the other. The fundus of a myopic eye 
is the only object in nature that a hypermetropic eye can 
see without the exercise of its accommodation power, since 
nowhere else have we rays that are otherwise than artificially 
convergent 
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On the other hand, and similarly, a myopic eye with its 
far point at ^, , 100 cm. from e^ Fig. 3, placed 10 cm. in front 
of a hypermetropic eye with its ra)rs coining from the retina 
divergendy, d^ d^^2&ii they came from its far point, d-^y 
Fig. 3 a, 90 cm. behind its refracting system, will have a 
distinct view of the fundus rf, since the two far points b^ 
and dx will then fall together and the two retinae be at 
conjugate foci. 

Should the observing eye be possessed of accommoda- 
tion power it is still possible for it to bring its far point 
to the same position as that of the observed eye, provided 
the latter has a conjugate focus farther from the eye than 
the former. Thus, an emmetropic observing eye can, by 
advancing its far point from infinity to a finite distance in 
front of it, bring its conjugate focus to the negative far 
point of a hypermetropic observed eye ; and a myopic 
observing eye, by increasing its myopia through its accom- 
modation and thus advancing its far point, can bring its 
conjugate focus to fall at the negative far point of a h3rper- 
metropic eye of a higher degree than its own M,\ and the 
hypermetropic observing eye can, through its accommodation, 
bring its far point from a negative position back to infinity, 
where it will be at conjugate focus with the emmetropic eye, 
and by a still further increase of A, can bring its far point to 
a finite distance in front of it that shall correspond to the 
negative far point of anotiier, though less, degree of hyper- 
metropia. In practice, however, it is always better to render 
the observing eye emmetropic by means of suitable correcting 
glasses pfaced behind the ophthalmoscopic mirror. 

This method of ophthalmoscopy, in which the two retinae 
are brought into the positions of conjugate foci and the one 
eye looks directiy into the other, is called the direct method^ 
and as the objects at the fundus are seen in thefr natural 
positions the image is said to be erect. 
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Opirthiklmoicopy by the Indirect Mtdiod 
In accordance with the laws of conjugate fod, there must 
be formed in the air at the far point of a myopic eye, after it 
has been illuminated, an inverted image of the fundus of that 
eye in all its detaib. Should an observer place himself at a 
sufficient distance from this aerial image so that his own far 
point, either static or by accommodation, shall coincide with 
this image, an image of this image will be formed on his 
retina and he will be able to see it distincdy. 

This principle is used in another method of ophthal- 
moscopy, which is called the indirect method, since it is the 
image of the fundus of the eye under observation and not 
the fundus itself which b observed ; and since the image b 
formed and seen to be inverted^ it b so called, in contradb- 
tinction to the erect image just described. This b only 
practically possible, of course, in myopia of high degrees, 
with the far point very near the eye under observation. We 
can, however, render, artificially, any eye myopic and bring 
its far point very close by the interposition of a strong con- 
vex lens in the path of the emergent rays. Thb should be 
placed m front of the ophthalmoscope and dose to the 
observed eye. It b customary to use one of about 20 D. 
Thb will place the conjugate focus oi an emmetropic eye, 
with an inverted image of the fundus, at two inches in front 
of the lens. An emmetropic observing eye at a dbtance ol 
18 inches will then be able, by means of its accommodation, 
to bring its far point to the position of thb image, and an 
image oi this image will thus be pictured on its retina. The 
position of the aerial image will be doser to the auxiliary 
lens when the rays come from the eye under observation con- 
vergendy, as in A^, and farther from it when they come 
divergendy, as in /^. ; the exact position in any case depend- 
ing, of course, on the degree of ametropia of the eye that b 
being examined. 
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Should the emmetropic observing eye not use its yi. , a 
lens placed behind the ophthalmoscopic mirror with its focal 
distance coincident with the aerial inverted image, will render 
the rays coming from it parallel and adapt them to the static 
emmetropic refraction. Should the observing eye be myopic, 
or hypermetropic, a lens of such power will be required as 
shall bring the inverted image into conjugate focus with the 
retina of the observing eye. In that degree of M, in which 
the far point coincides with the position of the aerial image no 
lens will be required. In H., lenses stronger than in E, will 
be necessary. It is also possible to accommodate the ob- 
serving eye to varying positions of the aerial image by a 
variation in the distance of the ophthalmoscope, while using 
the same lens behind the mirror. 
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CHAPTER VI. 



The Coniugate Focus in Skiascopy (Shadow Test). 

The laws of conjugate foci as we have found them to 
apply in a consideration of all the foregoing methods for 
determining the optical condition of the eye, hold equally 
good in what is called the ** shadow test,** though we shall 
encounter some necessary modifications in their application to 
these special conditions due to the complexity of the optical 
system on which the method rests ; for, simple and easy as it 
is in practice, the optical laws involved are quite complicated. 
While in the direct method of ophthalmoscopy, for example, 
the observing eye seeks to have an image of the fundus of the 
eye under observation pictured distinctly on its retina, in the 
shadow test, the details of the fundus are not desired ; the 
object of observation being the shadowy edge of an 
aerial image of a bright spot formed from the light thrown 
by an ophthalmoscopic mirror on the fundus of the ob- 
served eye.* 

This aerial image, real or virtual, being formed by the 
refracting system of the observed eye, lies necessarily at the 
conjugate focus of the fundus. That to which the observer 
chiefly directs his attention is the movement of the shadowy 
edge of this image as it appears to pass across the pupillary 
field of the observed eye as compared with a rotation move- 
ment of the mirror giving the illumination. Simple as the 
method is in practice, its optical principles may seem at first 
sight somewhat complicated, but they are easily resolvable by 
the laws already exposed. 

*For this reason tlie inoorrectnen and abrardity of the term" letinoMopy** 
most be apparent 

88 
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The Conjugate Focus in Skiascopy. ^^^^u^^» 

The phenomena of movement differ according as a con- 
cave or plane ophthalmoscopic mirror is employed. We will 
consider those with the plane mirror first 

Skiascopy with a Plane Mirror. When a plane mirror m» 
Fig. 9, is used, the real source of illumination is an image Zj 
of the flame L situated as far behind the mirror m as the 




Us. 9 

flame L itself is in front of it. This flame image Zj, in 
keeping with the well-known laws of reflection, always moves 
in a directum opposite to that of the mirror rotation ; when the 
mirror is rotated to the right, the flame image moves to 
the left, and vice versa. The diffuse spot of illumination S^ 
made by this flame image on the fundus of the eye under 
observation by its refracting system, is positive and inverted, 
being formed by the same rays that constitute /, , which is the 
intraocular image of Zj and therefore must move in a direc- 
Hon opposite of its object^ the flame image L^ ; when the flame 
image moves to the left, the bright spot moves across the 
fundus to the right, and vice versa^ that is, in the same direc- 
tion as the mirror rotation. 

When, in its turn, this bright spot becomes the object and 
a source of illumination on the fundus, sending out rays which 
are acted upon by the refracting system of the eye, an imuge 
of it, real or virtual, is formed at the conjugate focus of the 
fundus. 
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When the eye is myopic, M, this image of the bright 
spot ►S' is formed at the conjugate focus which is at a finite 
distance, the far point of the eye, and, being in front of the 
eye, is positive and inverted, M^y Fig. lo. When the eye is 



emmetropic, E^ this image lies at infinity, -ffj, also in front of 
the refracting system and is likewise positive and inverted. 
When the eye is hypermetropic, H, with its conjugate focus 
and far point behind the retina and on the same side of the 
refracting system as the bright spot on the fundus, the image 
is virtual and erect, the rays h^h^h^ coming from the eye 
divergendy as if from a real object, i 2 32X, its negative far 
point Hy^, 

The movements of this image m respect to the movements 
of the object ^S* will be as follows : In E. and M, the move- 
ments of E\ and M^ will be against the movements of 5", 
being on opposite sides of the refracting system from »$* and 
therefore against the mhror rotation. In H,, on the contrary, 
the movement of H^^ it being on the same side of the refract- 
ing S3rstem as S^ will be in the sanie direction as ^S* and sdso 
in the sam£ direction as the mirror rotation. 

The direction of movement apparent to an observing eye^ 
placed in the path of the rays emerging from the observed 
eye, however, will depend on the position of this eye relative 
to the image formed at the conjugate focus of the fundus of 
the observed eye — that is, on whether the observing eye 
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receives the rays which come from a real aerial image of the 
bright spot formed in front of it, or the rays which proceed 
from the bright spot itself to form an image behind its nodal 
point by its own refracting system. 

We will first consider the latter condition, where the con- 
jugate focus falls behind the nodal point of the observing eye. 
In Fig. II the image M^ of S is formed behind the nodal 
point «i, by the refracting system of the observing eye O-^, 
This image is real and inverted. Now this image may be 
anywhere between Wj and infinity behind Oy^^ depending upon 
the refractive condition of M or the position of O^ in respect 
to M, But within these limits, no matter where it is formed, 
whether on the retina, in front of or behind it, its movements, 
as perceived by the retina of the eye 6>i, are always in the 
same direction, and just as it would perceive the motion of 
any object in space in front of it. Though this is called the 
erect image, it is really formed inverted on the retina, just as 
the images of all objects in front of the eye are; but, in 
accordance with the law of projection, they are perceived as 
erect, and all movements of S to the right are perceived by O-^ 




Figr- 11 

as to the right, and vice versa^ and of course with the mirror 
rotation. The observing eye, therefore, will bring parallel 
rays forming E^y Fig. 10, divergent rays h^ h^ h^^ coming 
from /^i, and rays convergent to all points beyond the position 
of its nodal pointy «i, Fig. 11, to a focus somewhere behind 
its own nodal |K>int ; and in all these conditions the apparent 
movement across the pupil will be zvith the mirror rotation. 
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42 The Principles of Ref factum. 

When the conjugate focus falls in front of the nodal 
point «j of the observing eye O^, Fig. ii, there is formed 
there a real inverted image, Afi, of the bright spot ►SI This 
image being on the opposite side of the refracting system of 
M, moves always in a direction the opposite of S, and likewise 
of the mirror rotation. When ►S moves down in the direction 
of the arrow a, the image M^ moves upward in the direction 
of the arrow a^. The observing eye O^ will perceive this 
movement exactly as it would the movement of any other 
object moving in the same direction in front of it Hence, in 
O^ the image with its shadowy edge moves against, whereas 
in (9, it moves with the mirror rotation. 

When, however, the observing eye 6>, Fig. 12, is so 
placed that the conjugate focus of the observed eye M falls 
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exactly at its nodal point w^, there is no movement observed , 
but only a difiuse, steady illumination with no outline, however 
extensively the mirror is rotated. The reason for this is as 
follows : As we have seen, the flame image Zj, Fig. 9, of a 
certain magnitude, has always an image /^ of a definite and 
proportionate size, made by the refracting system of the 
observed eye. The pencils forming this image make the 
bright spot S on the fundus, which is always blurred in outline 
except when /i happens to fall exactly on the fundus. So 
long as the pupil of the observed eye is fully illuminated 
during a rotation of the mirror, there b formed, by the 
refracting system of this eye, an image 123^ Mu Fig. 12, 
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of the bright spot ^S* at the nodal point n^ of the observing 
eye. This image is always larger than the hole in the mirror 
(the latter has been purposely exaggerated in the drawing). 
Now, in order that any specific direction of movement be 
noted, it is necessary for the shadowy edge of the image My^ 
of the bright spot ►S', to appear to pass across the pupil of the 
observed eye during a mirror rotation. Hence, the appro- 
priateness of the term skiascopy (from o-K^a, a shadow, and 
«ncoirfiv, to examine). 

In this case, where the image M-^ fsdls at the nodal point 
«o, the image of the upper edge 7 of 5* is found at i of M^. 
The pencils of light which go to form the image of i at M^, 
however, are cut off by the mirror surrounding the sight-hole 
and do not enter the eye O at all, and therefore no image of 
this edge of the bright spot *$* is perceived. It is only the 
pencils coming from a in 5, much within the limits of i, that 
pass along the lower edge of the sight-hole and enter the eye 
O to form an image st a^. When a rotation of the mirror 
causes the bright spot S to move, say, downward in the direc- 
tion of the arrow, a and i move downwards also; but, 
synchronously, another point between a and i takes the 
place of a, which will still form its image at a^. But no 
movement downward of 5", when there is still a fall illumina- 
tion of the pupil, is sufficient to bring i down to the position 
occupied by a, and have its image at a^ within the eye O, 
The same holds good also in the upward movement of the 
points d and j of the bright spot Sy j never, on any rotation 
of the mirror, reaching up to the place occupied by 3. Con- 
sequendy, the shadowy edge, 7-j, of the bright spot *$* can 
never have its image within the eye of the observer O, and 
therefore it can never appear to pass across the pupil, to 
whatever extent the mirror may be rotated. As some point of ►S, 
within I and j, always has its image at M^, there is always a 
steady illumination perceived by O during all mirror rotations. 
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Those pencils of light, however, from a of the bright 
spot S, projected to A and By which mark the outline of the 
pupil of the eye M^ are directed, after their refraction, to 
a^ and b^. After entering O these rays are brought by its 
refracting power not to a^, but, after crossing each other to 
the points A^ and B^y on the secondary axes A^ n^ A and 
B^ Hq By which pass through the nodal point «o ^^ corres- 
ponding points A and B of the pupil of M These converging 
pencils, refracted at a^ and d^y cross each other near a^ on the 
plane passing through n^, and do not come together again any- 
where to form an image of a which is an image of the bright spot 




5*. Becoming more and more widely separated, they pass on to 
opposite sides oiAi B^. The same is true of the rays coming 
from any other point of Sy each pair of converging pencils 
crossing in the plane »© to opposite sides olAiBi, In other 
words y the image of S formed at the nodal point n^ becomes 
itself an illuminated object which sends out divergent rays in 
all directions t which are not acted upon by any optical appara- 
tus to form an image anywhere y and so long as there is a single 
point of S which has its image at n^ the fundus of O will be 
fully illuminated. This is shown in Fig. 13, where a single 
illuminated point at n gives off rays x<^ x^t filling the whole 
of the background of the eye. 

As, however, in this method of examination the observ- 
ing eye is usually accommodated for the pupil of the observed 
eye, ^^ -^^ on the retina of O becomes the image oi A B the 
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pupil of M^ all points oi Ap B oi M having their conjugate 
foci \vi A^py^ B^ of O. 

On comparing diagrams 11 and 12 it will be observed 
that the pencils from i and j, corresponding to the shadowy 
edge of the bright spot 5*, enter the observing eyes Oi and 
Oj, Fig. II, through the nodal points n^ and nj, to form 
their images i and j in each eye respectively ; whereas, in 
Fig. 12 these pencils from the shadowy edge of 6" do not enter 
the eye at all, being cut off by the mirror so that no image 
whatever of them is formed, which the observing eye can take 
note of during any rotation of the mirror. 

Broadly stated, then, since in order to have a movement 
against the mirror rotation an inverted image of S must be 
formed in front of the nodal point of the observer's eye at 
/, Fig. 13, while, in order that there be a movement with the 
mirror rotation an erect image must be formed behind the 
nodal point at Z^, the point where the one changes to the other 
must necessarily be the nodal point itself, n. 

It will be seen from this thai the nodal point of the 
observer's eye, the position of no motion and full illumination 
under all mirror rotations, is the point of reversal from the 
movement with to the movement against the mirror rotation ; 
making the position of the observer's nodal point in relation to 
the conjugate focus of the observed eye the key of the situation. * 

*In most treatises on skiascopf the exact position of the point of rerersal in its 
relation to the obserrinff eve is left indefinite, obscure or is incorreotlf stated. Some 
European writers of distinction hare placed it at the pupil of the obserring eye, 
which, from the foregoing exposition, must be seen to be wholly wrong. The dia- 
phragms of the ophthalmoscopic mirror and of the iris plaj but a subsidUAT part in 
the phenomena, as we hare shown, and as neither represents anj cardinal point in the 
refracting system, and as the phenomena of the shadowy edge would be the same if 
they were eliminated, the part ther play can rery properly be neglected in any 
academic discussion of the questions InTolred. 

The term koroseopp (or pnpilloscopr, as it was formerly called), introduced as a 
name for the method and as indicating tne importance of the pupil in the phenomena 
of the test, is, therefore, without meaning or significance. 

It should be stated in this connection that while, theoretically, the point of no 
movement is the one which marks the position of the conjugate focus, it is much 
easier, in practice, to take the point wnere one morement succeeds tne other as 
indicating with sufficient accuracy this position. This space between the two more- 
ments, when the ametropia is rery high and the examination is made near the 
obserred eye, may be sufildent to be taken into oonaiderfttion in M exact estimation 
of the optical condition. 
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46 The Principles of Refraction, 

In determining the refraction of the eye by skiascopy, we 
employ the same principles as in all the other objective 
methods, namely, by finding the far point of the eye, or the 
conjugate focus of the fundus. This is not done, however, 
by determining directly the point of reversal, the place where 
the nodal point of the observing eye and the conjugate focus 
of the fundus of the observed eye fall together. Since this 
point of reversal is at infinity in E, an inconvenient distance 
in low degrees of M, and negative in /^, it would not be 
practically possible. Nor is it necessary, since we can arti- 
ficially bring the far point of any eye to any desired finite dis- 
tance by the interposition of a lens in the path of the emerg- 
ing rays, as is done in the indirect ophthalmoscopic method. 
In other words, we can create an artificial myopia at whose 
far point we can easily place the nodal point of the observing 
eye at which to obtain the phenomena of reversal. 

Let us assume, for example, the fixed far point to be at 
I meter (M = i D.) at which point the observing eye finds 
itself. The far point of any eye can be brought, by means of a 
proper lens placed just in front of it, to this point of reversal. 
The difference between the actual far point of this eye and 
I D. of -M is then expressed by the strength of the auxiliary 
lens which it has been found necessary to place in the path of 
the rays in order to bring that far point to i m. The far point 
of the observed eye is, therefore, expressed by the difference 
between the number (x) of the lens employed and « D. , or 
X — I dioptries of refraction, from which the position of the 
far point is easily found. 

Examples : The observing eye being at i m. and a lens 
X = + I D. being necessary to bring about a reversal of 
movement, there is emmetropia, since x — i = + i — i=o 
dioptries of refraction. Hence, the far point = ?-5|^ = oo 
(infinity). If a lens of -f 0.5 D. b requfred, then there is 
+ 0.5 — I = — 0.5 D. of refraction with a far point ^^ 
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= 2 meters, and there is J!^ of 0.5 D. If a -f 4 D. lens is 
found necessary to bring about a reversal, there is + 4 — 
I = + 3 D. of H., with a negative far point !~^ = 33 cm. 
behind the observed eye. Should a — 3 D. be required to 
bring about a reversal, there is — 3 — 1= — 4D. ofiW; 
with the far point at ^|^ = 25 cm. in front of the observed 
eye, a — 3D. lens being necessary to extend the far point 
from 25 cm. (4 D.) to i m. (i D.). Should the nodal point 
of the observing eye be placed at 2 m. in front of observed 
eye, we would have to substitute 0.5 D. for i D. in the above 
calculations (^ = 0.5). If it be at one-half a meter, 2 D. 
{x=2) will have to be substituted, and so on. 

In this method the accommodation of the observed eye 
can, by its action, add some dynamic to the staftic refraction 
and thus change the position of its far point by bringing it 
nearer. On the contrary, an accommxfdation on the part of 
the observing eye can have but little effect^ since the amount of 
accommodation used to fix the observed eye does not displace 
the nodal point of the observer's eye to any material extent 
from the position it occupies in a condition of static refraction 
and from the actual position of the image of the bright spot. 

Skiascopy with tbe Concave Mirror. The difference 
between this method and that with the plane mirror rests 
on the difference in the positions of the flame image giving 
the illumination. With the plane mirror, as we have seen, 
the flame image is as far behind the mirror as the flame is in 
front of it, and moves always against the mirror rotation. 
With the concave mirror the flame image is at the focus of the 
mirror in front of the observer and moves always with the 
mirror rotation. This is shown in Fig. 14, where an image 
of the flame L is formed by the concave mirror m with its 
center of curvature at c, at Zj. When the mirror is rotated 
upward in the direction of the arrow, the image L^ moves 
also in the same dfrection. As a result of this, the direction 
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48 The Principles of Refraction. 

of movement of the bright spot across the fundus of the 
observed eye is the opposite of that of the flame image and of 
the mirror rotation^ and necessarily the contrary of that with 
the plane mirror. The relative direction of the movement of 
the image of the bright spot on the fundus made at the 
conjugate focus of the fundus, however, remains the same ; 
that is, contrary to that of the bright spot itself, in the case of 
E. and M. where the movement is with the mirror rotation, 
and in the same direction in H, with the movement against 
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the mirror rotation. When the observer, then, is at a sufficient 
distance from the eye under observation to allow the flame 
image to be formed somewhere in front of the observed eye, 
the phenomena of movements apparent to the observer will be 
the reverse of those with a plane mirror ; that is, in E, and H. 
and in M, with a far point behind the nodal point n^ oi the 
observer's eye (9, as at Z^, the movement will be against the 
mirror rotation, while in M.^ with the far point in front of the 
nodal point of the observer's eye, as at /, the movement will 
be with the mirror rotation. 

With the exception of this change in the direction of the 
movements across the pupil, the rules for the estimation of 
ametropia are the same as with the plane mirror given above. 
When, however, the concave mirror is approached sufficiendy 
near to allow the flame image Zj to fall behind the nodal 
point n of the observed eye, the bright spot 6" on the fundus 



Digitized by 



Google 



Tlie Conjugate Focus in Skiascopy, 49 

and the flame image will move in the same direction, and the 
phenomena will be the same as with the plane mirror. 

For a perfect working out of the law, as laid down in the 
preceding sections, it is necessary that all points of the image, 
during every rotation of the mirror, lie in the plane passing 
through the nodal point. If, for any cause, some points of 
the image fall before this plane and some behind, it is evident 
that there will be conflicting shadows and a lack of steady, 
uniform illumination. These shadows I have called ** internal 
shadows,"* and they are caused by any irregularity in the 
refracting media which causes the focus of the different points 
of the image to fall in different planes and at different dis- 
tances from the nodal point. These * * internal shadows ' ' are 
most apparent under a wide pupil, which unveils the irregular 
refraction at the periphery of the refracting media, particularly 
that of the cornea and in corneal and lenticular opacities. 

This irregular astigmia — ^which it really is— often vitiates 
the findings by skiascopy and renders it more or less uncertain. 
For an accurate determination, skiascopy demands a freedom 
from any irregularity in the area of the pupillary opening. 

The apparent rate of motion of the image of the bright 
spot relative to that of the mirror rotation, depends upon the 
position of this image in respect to the nodal point of the 
observed eye, or, to be exact, upon the relative positions of 
the two conjugate foci. The distance of the one focus on the 
fundus from the nodal point represents the short arm of the 
lever, and the distance from the nodal point to the position of 
the image at the other conjugate focus represents the long arm, 
the fulcrum or center of rotation being the nodal point «, 
Figs. 15 and 16. The longer the long arm, therefore, the 
greater the extent of its excursions, with a relatively constant 
extent of excursion of the short arm over the fundus. Thus, 
in M,^ Fig. 15, when the far point, with its inverted, real 

*Truif. Amer. Oph. 800., 1893. 
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image, lies at M^^ the excursion will be shorter, with a definite 
amount of excursion at S^^ than it will be when the far 
point is at M^y with a corresponding fundus excursion at S-^, 
As M^ recedes still further from n the excursions increase in 
extent for the same fundus excursions of the bright spot, until 




Fig. 15 

the image M^ attains to infinity, when it reaches its maximum, 
and enunetropia prevails. 

Likewise in H,^ Fig. i6, when the virtual erect image 
lies at H^y at the negative far point behind the eye, its excur- 
sions, corresponding to the fundus excursions S^^ will be less 
than when the far point is at /T^, corresponding to the con- 




Fig. 16 



jugate focus on the fundus at S^ ; increasing as H^ recedes 
from «, reaching the maximum when H^ lies at infinity when 
emmetropia prevails ; diminishing again as it becomes positive 
and approaches a point of reversal fixed at a finite distance in 
front of the observed eye, as in the myopic conditions. Fig. 15. 
The same law regulates the size of the image of the bright 
spot formed at the far point. The closer this is to the refract- 
ing system — ^in accordance with the well-known law governing 
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the relative size of the image to the object — ^the smaller it is, 
m.cxezs\n% pari passu as it is removed towards infinity, where 
it reaches its maximum, diminishing again as it is brought to 
a finite distance at the artificially-established point of reversal. 

Thus, in Fig. 15, the inverted image formed at M^^ b 
larger than that formed at M^ and the dimensions increase 
as it is removed towards infinity on the left, where it attains 
its largest size, being infinitely large. Likewise in H.y Fig. 16, 
the size of the virtual image at H^ is larger than at H^^ 
and increases as it is removed to infinity on the right, where 
it becomes infinitely large, diminishing in size as it becomes 
positive and inverted at a finite distance at the point of 
reversal in front of the observed eye, Fig. 15. 

It can be said then, in a general way, that both the rate 
of motion and size of the image are smaller in the higher 
degrees of ametropia and increase until the condition ofemme- 
tropia with the far point at infinity is attained — diminishing 
again as the point of reversed at a finite distance is approached. 

The edge of the image is always shadoivy and indistinct in 
outline, except when one special relation prevails, and that is 
when the fundus of the observed eye and the source of illumi- 
nation are at conjugate foci and, at the same time, the retina 
of the observing eye b at conjugate focus with the fundus of 
the observed eye. Under this rare concatenation of condi- 
tions the image is seen to be sharp in outline and at its 
brightest As these conditions are departed from, and pro- 
portionately, the outline becomes more shadowy and indis- 
tinct and the image duller. 
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The Conjugate Fod in Astigmia (Astigmatism).* 

In the optical state of the eye known as reg^larf astigmia 
(or, more commonly, as astigmatism), where a point can no 
longer have its conjugate focus in another single point, the 
two principal refracting meridians at right angles to each 
other are of unequal power and each has conjugate focij of 
its own, which can be studied separately from those of the 
other. These two foci conjugate to the retina, are on planes 
perpendicular to the visual axis, and are separated the one 
from the other by what is called th^ focalinterval of Sturm, 
the boundary of the interval being its anterior and posterior 
focal lines. It has been customary, hitherto, to consider the 
focal interval of Sturm as applied solely to the two posterior 
conjugate foci in their relations to the retina, the anterior 
conjugate focus being fixed at infinity. 

Astigmia has been divided, in accordance with this view, 
into : I. Simple astigmia, in which one focus is on the 
retina E, Fig. 17, and the other {a) either in front of the 
retina at M^ with a focal interval E M^ {myopic astigmia), 
or (J)) behind the retina at H^ with a focal interval E If^ 
{hypermetropic astigmia). 2. Compound myopic astigmia, 
where both foe* M^^ M^, are in front of the retina with the 
focal interval M<^ M^, 3. Compound hypermetropic astigmia, 

*The name commonlj used to indicate this form of refraction was, in the first 
place, erroneously, derived firom <rriY|Uir-(m'y|MiTOt, which means a tpot or hUm,UK 
The proper derivation is firom <rTiY)ii|-t|S, which means a fnathetnaHcal point. The 
correct word is, therefore, attiamia. A complete history of the introduction of the 
term can be found in an article Dj the author, in the Amer. Jour, qf Oph.. Dec., 1908. 

t Where the refraction is such as to give more than two foci in the planes at right 
angles to each other, the astigmia is called irregular. This is not corrigible by any of 
the ordinary optical apparatus and will, thereiore, not be considered here. 

ilt must be understood, however, that these foci conjugate to the retina are not 
points, but focal linet 



Digitized by 



Google 



The Conjugate Foci in Astigmia, 53 

where both foci H-^ H^ are behind the retina with a focal 
interval H^ H^, 4. Mixed astigmia, where one focus, M^, 
is in front of, and the other, H^, is behind the retina with a 
focal interval M^ H^, 



e- 




Flg. 17 



In keeping with our general plan, however, we can with 
equal propriety regard the anterior and posterior focal lines of 
the interval of Sturm as separating the other ^ external^ conju- 
gate foci, the position of the focus on the retina remaining 
fixed. The dimensions and position of the interval of Sturm 
on the visual axis, outside the eye, must vary, therefore, with 
the varying positions of the conjugate focus of each of the two 
meridians, in respect to the principal plane of the eye, as in 
ordinary spherical refraction ; in other words, we may regard 
each meridian as representing in its refraction a single eye. 

Studying them, then, from this standpoint, we have : 
I. The conjugate focus of one meridian at infinity e e. Fig. 18, 
the other at a finite distance M^, focal interval e Mi, 
simple M. astigmia. 2. One conjugate focus at infinity e e, 
the other behind the refracting system at H^, focal interval 
e H^, simple H. astigmia. 3. Both conjugate foci at a 
finite distance, but separated by a focal interval M^ (Fig. 19) 
corresponding to the meridian m^, and M^ corresponding to the 
meridian m^t focal interval M^ M^ compound M. astigmia.^ 



*It Is interesting to note that both Young and Airy, who were the first to studj 
with anj degree of accuracy this condition, in the determination of their astinnia, 
used the anterior conjugate foci in the same manner as we have indicated, this neing 
to them the obriously simple and direct way, as they were both myopic Young's 
description of his method is as follows : ^ ** The eye, in a state of relaxation, collects 
to a focus on the retina those rays which diyerge vertically from an object at a dis- 
tance of 10 Inches firom the cornea, and the rays which diverge horizontally firom an 
oliject at 7 inches distance.** This would make his astigmia | —A — fi*fl — 1.71 + D. 

Airy, in his second communication to the Cambridge rhllosoph. Soc, 1846, 

* Fhilosoph. Trans, for 1801 ; On the meohaniim of the eye. 
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4. Both conjugate foci behind the refracting system, but 
with a focal interval H^ corresponding to the meridian Aj, 
and H ^ corresponding to h^, compound H. asHgmia. 5. One 
conjugate focus in front of the eye at M^ (Fig. 18), the other 
at H^ behind it, the focal interval being Mi H^^ mixed 
ashgmta^ 




Y\%, 18 

When the two conjugate foci are, by suitable optical 
means, brought together, the focal interval is abolished, and 
the asHgmia is corrected. The optical agent used for this 
purpose is a cylindrical lens;\ which refracts the light only 
in the meridian of its curvature, the light falling in the direc- 
tion of its axis being unafiected. Such a lens is to be placed 




before the eye with its curvature corresponding to the meri- 
dian whose refraction it is desired to effect, and it should be 

describes his method as follows : *< The eridence of this astigmatism and the measure 
of it are given by the simple obseryation of bringing a luminous point ne«rer and 
nearer to the eye ; the lines of focal conrergence, according to the usual rules of 
focal position, move in the same direction in the interior of the eye, and then one 
line and the other line are successively brought upon the retina ; or the image of the 

Soint becomes successively a line in one direction or in the other directioo. these 
irections being at right angles to each other. It was found in 1826" (the date of 
the first discovery of this condition in his eye) " that the distances at which the 
luminous point must be placed to give linear images, were 3.5 inches (11.43 D.) and 
6 inches (6.66 D.), and the difference in the reciprocals for these numbers, or 0.119 
M.77D.), is the proper measure of the astigmatism.'* This had changed in 1846 to 
4.7 inches (8.51 D.) lor one far point on coi^ugate focus, and 8.9 inches (4.49 D. ) for 
the other focus, with a difierence of 0.100 reciprocal — 4.02 D., showing that though 
the myopia had diminished, the astigmia had remained nearly the same. 

t For an exhaustive study of th' properties of cylindrical lenses, ftilly illustrated 
by diagrams, together with the mathematical formulee thorouffhly worked out, the 
student is referred to a work on " Ophthalmic Lenses," by C. F. Prentice, M. £., 
published '\sj Thb Kkystonb, Philadelphia, Pa. 
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of such quality and power as to bring the conjugate focus of 

that meridian to the same point as that of the other meridian. 

In Fig. 20, for example, of the rays coming from the 



^— 
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Tiff. 20 

retina R those passing out through the emmetropic meridian 
^will be parallel, e^e^^, with their conjugate focus at infinity ; 
while those passing out through the myopic meridian M at 
right angles to it will have their focus at M^. If, now, a 
concave cylindrical lens L be interposed, with its curvature 
corresponding to the faulty meridian M^ it will affect only 
those ra3rs that have passed out through that meridian, leaving 
those passing out through the emmetropic meridian, lying in 
the plane of its axis, unafiected. Should the negative focus 
of the cylinder lie at My^ the conjugate focus of the faulty 
meridian, the rays convergent towards M<^ will be rendered 
parallel, e e^ and the far point of this meridian will be 
removed to infinity and coincide with that of the emmetropic 



=.— ^ 



Fig. %\ 



meridian, the focal interval will be abolished and emmetropia 
will be established for both meridians. 

Likewise in the case of H,^ as shown in Fig. 21, the 
rays coming from the retina R^ which pass out through the 
faulty meridian H^ will be divergent, as though they came 
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from H^, the negative conjugate focus of R for this meridian. 
A convex cylindrical lens Z, with its convex surface corres- 
ponding to the faulty meridian and its axis in the plane of 
the emmetropic meridian E, will render these divergent rays 
parallel, e^ e^, when its focus falls at the far point I/i. The 
foci of both meridians, £ and If, will then fall at the same 
place, infinity, the focal interval will be abolished and emme- 
tropia will have been established for both meridians. 

Examples : There is simple myopic astigmia, with one 
conjugate focus at infinity (e^ ^j, Fig. 20), the other at Af^, 
20 cm. in front of the principal plane. A concave cylinder 
with the (negative) focus of its refracting meridian at 20 cm. 
( — 5 D. ) placed dose to the eye with its curvature corres- 
ponding to the faulty meridian of the eye (or, what is the 
same thing, with the axis of the cylinder corresponding to the 
axis of this meridian) will render parallel rays divergent, as if 
they came from its focus. This focus is, at the same time, the 
conjugate focus of the faulty meridian, which is thus set back 
to infinity, where the conjugate focus of the other meridian is 
to be found. The astigmia has now been corrected and E. 
prevails. 

One meridian, ^2 (.^^K- ^9)> with its axis at 180** (hori- 
zontal), has its far point at 50 cm. (/Tj = 2 D. ) and the other, 
hi, with its axis at 90** (vertical) at 20cm. (I/i = 5 D.), both 
behind the refracting system. The focal interval //^ H^ is 
then represented by the difference in the power of the two 
correcting lenses whose focal distances correspond to these two 

points : +5 |-2== + 3D., which expresses the amount of 

the astigmia. A + 3 cylinder, then, with its axis at 90** corres- 
ponding to the axis of the meridian of least refraction h^ will 
remove the focus of this meridian from 20 cm., H^ (+ 5), 
back to 50 cm., H^, (+ 2), and the focal interval will be 
abolished and the astigmia corrected. The common conju- 
gate focus, however, still remains at 50 cm., H^, behind the 
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eye, and there will be yet a ^ of 2 D. present, which can be 
overcome and the eye rendered enunetropic by a spherical 
lens which acts upon both meridians equally, and of such 
power as to shift the conjugate focus from 50 cm. back to 
infinity. The strength of this spherical lens is + 2 D., 
which must be added to the cylinder (+ 3) in order to cor- 
rect the total ametropia ; the formula for the glass being 
+ 2 sph. + 3 cyl. axis 90**. 

One meridian has its feu* point at M^^ 50 cm. in front of 
My Fig. i8 {M = 2 D.) and the other at ^j, 33.3 chl 
behind H. {H = 3 D.). The astigmia represented by the 
focal interval M^ H^ is therefore = + 3 — ( — 2) = 3 -f 2 
= 5 D. As /^i is negative, it will require a -f 3 D. cylinder 
to bring it to infinity for this meridian, while it will require a 
— 2 D. to set back the conjugate focus of M^ to infinity in 
the meridian at right angles to it If the axis of H^ is at 90^ 
and that of M^ at 180**, the formula for the correcting lens 
would be + 3 axis 90® O — 2 axis 180®. . It is not custo- 
mary, however, to use this formula for crossed cylinders, as 
they are called, in the correction of mixed astigmia. It is 
more convenient to bring one meridian to a state of emme- 
tropia by the proper spherical lens and then correct the astigmia 
by adding a cylinder, as in the case of ordinary compound 
astigmia. In the example here given, a + 3 spherical lens 
would remove H^ back to infinity on the right and render 
meridian /T emmetropic ; but it would, at the same time, ren- 
der the myopic meridian M more myopic by exactiy that 
amount by advancing M^ towards the eye ; that is to say, all 
the astigmia, 3 + 2 = 5 D., would be myopic, and the 
forinula would be + 3 sph. Q — 5 cyl. axis 180°. By using 
a — 2 spherical all the astigmia would be rendered 
h)rpermetropic, and the formula would be — 2 sph, Q + 
5 cyl. axis 90°. 
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Pcfrtrrmlnation of Attigmia bj Sldaicopy. 

The movement of the bright spot on the hindus being 
necessarily in the same plane as the mirror movement (at 
right angles to its rotation axis), it is only the rehraction in a 
single meridian corresponding to that plane that is determined 
in skiascopy. As it is possible, however, to make the axis di 
mirror rotation correspond to any meridian of the refracting 
system it b desired to examine, it is easy to determine sepa- 
rately the redaction in any two meridians at right angles to 
each other as we have it in astigmia. To this end it is only 
necessary to find the points of reversal for the meridians 
of least and greatest refraction separately (alwa3rs at right 
angles to each other), to know the value of the focal 
interval of Sturm. Knowing, then, the far points of the two 
meridians, the strength of the cylindrical lens required to 
bring them together marks the d^^ree or amount of astigmia. 

Example : Meridian with its axis at 90^ requires + 3 to 
bring about a reversal at i meter; that with its axis at 180® 
requires a + 2. There is, therefore, i D. of -fll, with its axis 
at 180® and 2 D. of -tt with its axis at 90®. The astigmia is, 
therefore, +2 — i=-fiD. axis 90*^, with a general H. 
of I D. common to both meridians (compound hyperme- 
tropic astigmia). 

Determinaiion of AttigmU bj tfie Ophthalmotcope. 
In the determination of general ametropia by means of 
the ophthalmoscope (direct method), we saw that when the 
two retinae were brought into the positions of conjugate fod, 
and the details of the fundus of the observed eye were 
pictured distincdy upon the retina of the observing eye, the 
ametropia was abolished, and the focus of the lens through 
which this was effected marked the far point of the observed 
eye (the observing eye being enmietropic). In astigmia, 
there being two fod, corresponding to the meridians of least 
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and greatest refraction at right angles to each other, it is 
necessary to determine the conjugate focus or far point of 
each of these meridians separately. This is done by taking 
as the objects of observation, the retinal vesseb running in 
various directions across the background of the eye. In 
astigmia the vessels whose general course corresponds to one 
direction will be seen more distinctly than those running in a 
direction at right angles to it. These directions will cor- 
respond to the axes of the two principal meridians, respect- 
ively. It now remains to find the lens through which the 
vessels corresponding to the axis of each of these meridians 
are seen most distinctly, separately, and the difference in their 
power will express the amount of astigmia. 

Example : The vessels running in a vertical direction are 
seen most distinctly with a -|- 3 D., while those running in a 
horizontal direction are seen distinctly with a + i D. There 
is then -K = 3 D. with the axis at 90® (vertical), and H. = 
I D. with the axb at 180^ (horizontal). There is then a 
general /I. = jD. and an astigmia of 3 — i = 2 D. axis 90®; 
compound hypermetropic astigmia corrected by + i sph. 
+ 2 cyL axis 90**. 
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CHAPTER VIII. 



^^uii Acuteness and the Testing Thereof. 

In some of the methods for determining the refractive 
state of the eye described in the foregoing chapters, such as 
by the ophthalmoscope and skiascopy, the person under 
examination remains passive, and for a successful result the 
eye may be entirely blind or the individual incapable, for any 
reason, of giving any information as to his visual sensations. 

These methods are called objective in contradistinction to 
the subjecHve method, in which we must depend upon the 
expression of the sense of the person being examined for our 
knowledge and guidance. 

The sense of vision is the manifestation of a judgment 
as to impressions made on the retina, and objects are recog- 
nized or seen by a mental interpretation of the images formed 
there by the dioptric apparatus of the eye. If these images 
are blurred, the visual sensation b indistinct. Since the 
feir point of an eye and its retina are at conjugate fod, 
an object can have its image distinctly formed on the retina 
only when it is situated at that far point, or, expressed con- 
versely, when the image is dear and distinct we know that 
the object b at the far point When every point of an object 
is represented by another point in its image dearly separated 
from every other point, the image as a whole will be distinctly 
and sharply defined in all its parts. As this condition is 
departed from, and in proportion, does the image become 
blurred, from an overlapping of the diffusion drdes of 
adjacent points. 

There is, however, a natural limitation to the ability of 
the visual judgment to separate impressions which are made 
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on the retina dose to each other, and there is a distance 
between adjacent points within which they cease to be inter- 
preted as two and are merged into a single sensation. 

It has been found from an examination of a large num- 
ber of normal eyes that this limit is reached when the dis- 
tance separating the two impressions falls below that which 
subtends an angle of one minute. This is shown in Fig. 22, 
where a and b are the extreme points of the image of an object 
A B. \i a and b be more closely approximated than this 
there will be only one impression and A B will not be recog- 
nized as an object with dimensions, but only as a single point 




Flff. %% 

The distance separating a and b is measured by the angle 
a n b (n being the nodal point of the eye). When this 
angle falls below i' a and b are no longer distinguished as 
two impressions and, therefore, -^ -5 is not recognized as an 
object, but as a single point. This angle is called the 
visual angUy and one minute, marking, as it does, the limit of 
perception of an object, b said to be the smallest visual angle. 
It is impossible to measure a b and its angle within the eye ; 
but the angle A n B being the opposite angle, is equal to 
a n by and this is easily measured by the size of the object 
A B and its distance from n. 

It will be seen that the size of the visual langle is depen- 
dent not alone upon the size of the object, but also on its 
distance from n. Thus, when the object A B is brought 
closer to the eye and is found at ^^ Bi^ the visual angle is 
increased to ai n b and is of the same size as that of an object 
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A^ B^ much larger, but fcurtha: removed. Two factors, 
then, enter into an estimation of visual acuteness : the size of 
the object and its distance from the eye. 

Objects used for testing visual acuteness are constructed 
in accordance with one or the other of these demands as a 
basis ; either the object remains of the same size and its dis- 
tance from the eye is altered, or a certain definite distance is 
chosen and the size of the test object is varied. 

The latter has been found to be the most convenient in 
practice, and the distance chosen is infinity. The main reason 
for this choice is that this is the far point of the emmetropic 
eye and it is generally our object, in making their correction, 
to bring the far point of all forms of ametropia to this same 
place, and so the testing of visual acuteness and the reduction 
to emmetropia can be accomplished at the same time. A 
series of test objects, usually in the form of letters, has been 
formed on the basis of this method. These vary in size, the 
letters as a whole subtending an angle of 5 minutes, and each 
line and space entering into its composition an angle of 
I minute at a certain specific distance. 

The letters are designated by the distances at which they 
subtend this angle. The one so subtending it at 5 meters is 
called No. 5, that so subtending it at XL feet No. XL, etc, 
according as the metric or foot system is used. 

The degree of visual acuteness is most conveniently 
expressed in fractions, the formula being F'= -§-, in which 
the numerator d gives the distance at which the exami- 
nation is made, and the denominator D the size of the 
test object as measured by the distance at which it subtends 
an angle of 5 minutes. For example, if No. 10 is the smallest 
line of letters distinguished at 5 meters distance, V =^ ^y 
since the eye sees at a distance of 5 meters what a normal 
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eye should see at 10 meters. If No. XL is seen at XX feet, 
F=: ^. If No. 5 should be seen at 6 meters V would be 
expressed by \. These fractions are not usually reduced to 
their lowest terms, though it may be done, thus : 

5_i_ XX_\_ ^ X X __ 2 _ 
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CHAPTER IX. 



Formulae for Coniugate Foci. 

In order that the action of the laws governing the 
refraction of the eye, in the various manners described in the 
foregoing chapters, may be brought together under some 
general mathematical formulae, applicable to all possible con- 
ditions, we give a construction and demonstration based on 
the simple exposition for conjugate foci according to Gavarret 
(^Les images par reflexion et refraction^ Paris, 1866). 

Let 7% Fig. 23, be the anterior principal focal point and /^| 




Fiir* «• 



the posterior focal point for parallel ra)rs of the refracting sur- 
face M. Let P be any point situated on the principal axis 
passing through A the apex of the refracting surface M with 
its center of curvature at C, Any incident ray from P cutting 
the anterior focal plane at -Wand falling on the refracting sur- 
face at I, will be refracted in the direction / R parallel to the 
secondary axis n^ n^ passing through H, This will cut the 
posterior principal plane drawn through F^ at B^ where the 
secondary axis n «j, parallel to the incident ray PI, meets 
the posterior focal plane. The refracted ray I R meets the 
principal axis at P^y and P^ then becomes the image of P, 

Since the incident ray P I meets the anterior principal 
plane drawn through F^X, H2X the same point as the secon- 
dary axis «i «o parallel to the refracted ray I R^ we have the 

64 
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similar triangles : PHFzxid CB F^, which give ^ - —^ , 
The sunilar triangles CHFznA P^ B F^ gives ~~r - ^^. 
As the second members of these two equations are die same, 
^- ^, from which P FX P^ F, = C F^ X C F 

But since the difEerence between the focal distances A F^ 
and A F is equal to the radius A C, the distance of the 
center C from the posterior focus Fi is equal to the anterior 
focal distance A F, and the distance of the center from the 
anterior focus Fis equal to the posterior focal distance A F^ ; 
hence, C F^ = A F= /, and CF= A F^ ^ /^. There- 
fore, suice PFXPiF^=CFj^ X C is by substituting 
values we have P F X Pi -^i =//i* H we designate 
P F by I and P^ F^ by i^, we have //i = / /j, which be- 
comes the common formula for all conjugate foci. 

Applicaiion of ifaete Formulae to the Eye. 

In the application of these formulae to the eye, we accept 
as fixed values the optical constants of the reduced eye of 




Wig. t4 



Bonders, where the posterior principal focal distance for 
parallel rays A F^ (Fig. 24), = /"^ = 20 mm., and the 
anterior principal focal distance A F=^f=i$ mm. B and C 
indicate the positions of other conjugate fod, and the relation 
of these to the principal foci F and F^^ have the values 
/and /j. The var)ring values of / and l^ are counted from 
FzxA Fi in such manner that all values of / to the left of F 
are considered as positive (+), while all values to the right 
of F are negative ( — ). All values of /j to the left of F^ 
are counted as negative ( — ), while all values to the right 
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66 The Principles of Refraction. 

of F^ are counted as positive (+). It will be seen that F^ 
marks the position the retina occupies in emmetropia, being 
at the posterior principal focus for parallel rays. 

The general formula for determining the values of / and 
/i being //j = //i (i) and the values of/ and /j being 
fixed, any change in the value of / must be associated with 
a change in the value of /j, and vice versa^ and in accordance 
with the following formulae, deduced from (i) : 



/ = ^ (2), A = ^ (3). 



Examples: / =<;. Then /^ =-^ = i?^ = ^ = 
00 ; that is, when B is at the anterior principal focus F^ the 
conjugate focus C is at infinity on the right Similarly, when 
li = o^ C being at /\, by formula (3) B or the other con- 
jugate focus is found at infinity on the left 

When / = oo,/j=^ = ^. B then recedes to infinity 
and C advances to F^, 

When / is positive, to the left of F^ /^ is also positive 
and to the right of F^ , and vice versa. When, however, /j 
is negative and to the left oi F^, I is also negative and to the 
right of is and vice versa^ and both are on the same side of 
the principal plane A, 

Examples : / = 200 mm., /^ = f^ = 1.5 mm., C is 
then positive and 1.5 mm. to the right of F^ and 20 -f 1.5 = 
21.5 mm. behind A, Conversely, when C is 21.5 mm. be- 
hind A, B or the far point will be 200 mm. in front of 7% or 
215 mm. in front of the principal plane A. This will corres- 
pond to the far point of a myopia at 4.5 D. 

When /j = — I, C being i mm. to the left of F^, I = 
-^ = — 300 mm. ; B, the far point, will then be 300 mm. 
to the right of Fy that is, — 300 + 15 = — 285 mm. behind Ay 
which represents the position of the far point of 3.5 D. of H. 

When Ix = — 20 mm., C will find itself at A^ the 
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principal plane, and / will be -^^ = — 15 mm. Since P A 
is equal to 15, ^ will find itself also at A^ and the image and 
object will be superposed. 

It will be seen, from the examples given, that a variation 
of I mm. in the position of C in its relation to Fy^ , the posi- 
tion of the retina in E. brings an alteration in the position of 
the other conjugate focus or far point of about 3.5 D. When 
/j is positive, this far point will be in front of the eye, a con- 
dition of myopia ; when it is negative, the far point will be 
behind the eye, the condition being hypermetropic. 
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on the subject of lenses extant 
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Why Stroqg Um 
Bach Other. 
The Advantages of the Sphero-Toric Lens. 
The Ms, as Diaphragm and Photostat. 
The Typosoope. 
The Correction of Depleted Dynamic Refraction (Presbyopia). 
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"The work stands alone, in its present 
form, a compendinm of the varioos Uws of 
physics relatiTe to this subject that are so 
difficult of access in scattered traatises."— 
N(tw England Medical GaxetU. 

"It is the most complete and best illus- 
trated book on this special subject vrtxmAtr 
VMMA."^Horological Review^ New York. 



*' Of all the simple treatises oe the prop- 
erties of lenses that we hare seen, this is in- 
comparably the best. . . . The teacher of 
the average medical student will hail this 
little work as a great boon."— ^rdlrMf of 
Ophthalmology, edited hyH.Knapp, M.D. 



DIOPTRIC FORMULA FOR COMBINED CYLINDRICAL LBNSB8. 



"This ezhaustire work of Mr. Prentice 
is a soluti<m of one of the most difficult prob* 
lems in opbthalmologicai optics. Thanks 
are due to Mr. Prentice for the excellent 
manner in which he has elucidated a sub- 
ject which has not hitherto bMo satisfactor- 
ily explained."— 7)ktf Ophthalmic Review, 



** This little brochure solves the problem 
of combined cylinders in all its aspecu, and 
in a manner simple enough for the compre- 
hensioo of the average student of ophthal- 
mology. The author is to be congratulated 
upon the success that has crowned his labors, 
for nowhere is there to be found so simple 
aiul yet so complete an explanati<m as is con- 
tained in these p^gtM/'—Archives of Oph- 
thalmoU^, ediUd hy H. Knapp, M.D. 

The book contains 110 Original Diagrams. Bound in clottu 
Price, 8i.60 (6a.3cl.) 
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This translation, now in its second edition, is the most masterful 
treatise on physiologic optics. Its distinguished author is recognized in 
the world of science as the greatest living authority on this subject, and 
his book embodies not only his own researches, but those of several 
hundred investigators, who, in the past hundred years, made the eye their 
specialty and life study. 

Tscheming has sifted the gold of all optical research from the dross, 
and his book, as revised and enlarged by himself for the purposes of this 
translation, is the most valuable mine of reliable optical knowledge within 
the reach of ophthalmologists. It contains 380 pages and 212 illustra- 
tions» and its reference list comprises the entire galaxy of scientists who 
devoted their researches to this subject. 

The chapters on Ophthalmometry, Ophthalmoscopy, Accommodation, 
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The Optician's Manual, Vol. I., has 
proved to be the most popular work on 
practical refraction ever published. The 
knowledge it contains has been more 
effective in building up the optical profes- 
sion than any other educational factor. 
A study of it is essential to an intelligent 
appreciation of Vol. II., for it lays the 
foundation structure of all optical knowl- 
edge, as the titles of its ten chapters show : 

Chapter I.— Introductory Remarks. 

Chapter II.— The Eye Anatomically. 

Chapter 111.— The Eye Optically ; or, The Physiology of Vision. 

Chapter IV.— Optics. 

Chapter V.— Lenses. 

Chapter VI.— Numbering off Lenses. 

Chapter VII.— The Use and Value of Qtasses. 

Chapter VIII.— Outfit Required. 

Chapter IX.— Method of Examination. 

Chapter X.— Presbyopia. 

The Optician* s Manual, Vol. I., is complete in itself, and 
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cians. For student and teacher it is the best treatise of its kind, 
being simple in style, accurate in statement and comprehensive 
in its treatment of refractive procedure and problems. It merits 
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an eminent oculist and optical teacher. It is thoroughly prac- 
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